The rapid structural change in low-lying collective excitation states of neutron-rich Sr and Zr isotopes is studied by solving a five-dimensional collective Hamiltonian with parameters determined by both relativistic mean-field and non-relativistic Skyrme-Hartree-Fock calculations using the PC-PK1 and SLy4 forces respectively. Pair correlations are treated in BCS method with either a separable pairing force or a density-dependent zero-range force. The isotope shifts, excitation energies, electric monopole and quadrupole transition strengths are calculated and compared with corresponding experimental data. The calculated results with both the PC-PK1 and SLy4 forces exhibit a picture of spherical-oblate-prolate shape transition in neutron-rich Sr and Zr isotopes. Compared with the experimental data, the PC-PK1 (or SLy4) force predicts a more moderate (or dramatic) change in most of the collective properties around N = 60. The underlying microscopic mechanism responsible for the rapid transition is discussed.
I. INTRODUCTION
The spectroscopy of nuclear low-lying states provides rich information about the interplay of nuclear collectivity and single-particle structure. For neutron-rich Sr and Zr isotopes, lots of spectroscopic data have been measured [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The abrupt changing in the lifetimes and excitation energies of 2 + 1 states, two-neutron separation energies and rms charge radii indicates a sudden onset of large quadrupole deformation at neutron number N = 60. In the past decades, various models have been employed to study such a dramatic transition in the low-energy structure of these nuclei [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , the description of which has been a challenge in theoretical nuclear physics.
Two main mechanisms based on shell models and mean-field approaches were proposed to explain the sudden onset of large nuclear collectivity at N = 60, namely, a strong isoscalar proton-neutron interaction between particles occupying the g 9/2 -g 7/2 spin-orbit partners [12] , and the occupation of low-K components of the h 11/2 neutron orbit [26, 27] respectively. Besides these two factors, the simultaneous polarization of 2p 1/2 , 2p 3/2 , and 1f 5/2 proton orbits as one goes from 96 Sr to 98 Sr and from 98 Zr to 100 Zr was pointed out to be the the major factor in the more recent projected shell model study [28] . However, in most of the previous studies for nuclear low-lying states with, for instance the (projected) shell model, either a phenomenological effective interaction or effective charges for neutrons and protons defined within a specific valence space was introduced. In particular, it has been shown recently that the large-scale shell model calculations with a more extended model space and carefully adjusted effective interaction are able to reproduce the low-spin spectroscopic data of 90−98 Zr, but fail to give large deformation properties for 100 Zr [29] . The mechanism responsible for the rapid transition in the structure of low-lying states in Sr and Zr isotopes around N = 60 requires further investigation.
Nuclear energy density functional theory (DFT) is nowadays one of the most important microscopic approaches for large-scale nuclear structure calculations in medium and heavy nuclei. The main ingredient of DFT is the energy density functional (EDF) that depends on densities and currents representing distributions of nucleonic matter, spins, momentum, and kinetic energy and their derivatives. In the past decades, a lot of efforts have been devoted into finding out an EDF with reliable and good predictions by optimizing about 10 universal parameters to basic properties of nuclear matter and some selected nuclei. At present, there are three types of most successful EDFs, i.e., the non-relativistic Skyrme and Gogny forces and the effective relativistic Lagrangian, being employed extensively in the description of nuclear structure properties [30] .
The nuclear DFT of single-reference state (SR-DFT) with constraint on quadrupole moments, in the context of Hartree-Fock (HF) or Hartree-Fock-Bogoliubov (HFB) methods, has already been adopted to study the evolution of deformation energy surfaces in β-γ plane (see the recent work [31] ) for the neutron-rich Sr and Zr isotopes [27, 32, 33] . Even though, all of these studies have indeed shown the increasing of deformations based on the shift of global minimum. However, most of these studies are focused on the properties of nuclear mean-field ground states. In particular, a competing weakly oblate deformed minima coexisting with a large prolate one has been found in nuclei around N = 60, in which case the dynamic correlation effects from quadrupole fluctuation are expected to be significant. Moreover, the evolution behavior of low-lying excited states is sensitive to the bal-ance between the oblate and prolate minima. Therefore, it is necessary to extend these studies for the low-lying excited states in Sr and Zr isotopes.
In the context of generator-coordinate method (GCM), the framework of SR-DFT has been extended for studying the nuclear low-lying states. In Ref. [34] , the collective quadrupole and octupole excitations in Zr isotopes were studied using a basis generated by the HF+BCS calculations with the SkM* effective interaction. However, the low-lying states have not been described quite well, probably due to the missing of effects from triaxiality and angular momentum projections. In recent years, the GCM has been extended much further by implementing the exact one-dimensional [35] [36] [37] or threedimensional [38] [39] [40] [41] angular momentum projection or together with particle number projection before or after variation for the mean-field states in the modern EDF calculations. The dynamic correlation effects related to the symmetry restoration and quadrupole fluctuation (along both β and γ directions) around the meanfield minimum are included naturally without introducing any additional parameters. However, the application of these methods with triaxiality for systematic study is still much time-consuming. Up to now, such kind of study is mostly restricted to light nuclei [42, 43] and some specific medium heavy nuclei [44, 45] .
As a Gaussian overlap approximation of GCM, the collective Hamiltonian with parameters determined by selfconsistent mean-field calculations is much simple in numerical calculations, and has achieved great success in description of nuclear low-lying states [46] [47] [48] [49] [50] and impurity effect of Λ hyperon in nuclear collective excitation [51] . In particular, a systematic study of low-lying states for a large set of even-even nuclei has been carried out with the Gogny D1S force mapped collective Hamiltonian and good overall agreement with the low-lying spectroscopic data has been achieved [52] . However, some fine structures along the isotonic or isotopic chains are still not reproduced satisfactorily. For Sr and Zr isotopes, the evolution of isotope shifts and the change in the properties of low-lying states are found to be more moderate in comparison with the data. Therefore, in this work, we will examine the evolution of low-lying states obtained from the calculations with two other popular EDFs, i.e., the non-relativistic Skyrme force and the effective relativistic Lagrangian. The difference in the results of these two calculations will be emphasized.
The paper is organized as follows. In Sec. II we will introduce briefly our method used to study the low-lying states in neutron-rich Sr and Zr isotopes. The results and discussions will be presented in Sec.III. A summary is made in Sec. IV.
II. THE METHOD
The quantized five-dimensional collective Hamiltonian (5DCH) that describes the nuclear excitations of quadrupole vibrations, rotations, and their couplings can be written in the form [46, 47, 49] 
where V coll is the collective potential. The vibrational kinetic energy reads,
and rotational kinetic energy,
withĴ k denoting the components of the angular momentum in the body-fixed frame of a nucleus. It is noted that the mass parameters B ββ , B βγ , B γγ , as well as the moments of inertia I k , depend on the quadrupole deformation variables β and γ,
Two additional quantities that appear in the expression for the vibrational energy: r = B 1 B 2 B 3 , and w = B ββ B γγ −B 2 βγ , determine the volume element in the collective space. The corresponding eigenvalue problem is solved using an expansion of eigenfunctions in terms of a complete set of basis functions that depend on the deformation variables β and γ, and the Euler angles φ, θ and ψ [53] .
The dynamics of the 5DCH is governed by the seven functions of the intrinsic deformations β and γ: the collective potential V coll , the three mass parameters: B ββ , B βγ , B γγ , and the three moments of inertia I k . These functions are determined by the relativistic mean-field (RMF)+BCS calculations using the PC-PK1 force [54] for the particle-hole (ph) and the separable pairing force (adjusted to reproduce the pairing properties of the Gogny force D1S in nuclear matter) [55, 56] for the particle-particle (pp) channels or by the Skyrme-HartreeFock (SHF)+BCS calculations using the SLy4 force [57] for the ph channel and a density-dependent δ-force in the pp channel,
with a strength of V pp 0 = −1000 MeV fm 3 and ρ 0 = 0.16 fm −3 for both neutrons and protons and with a soft cutoff at 5 MeV above and below the Fermi energy as defined in Ref. [58] . A constraint on the deformation parameters of both β, ranging from 0 to 0.8 (∆β = 0.05) and γ, ranging from 0
• to 60
The moments of inertia I κ are calculated using the Inglis-Belyaev formula [59, 60] 
where k = 1, 2, 3 denotes the axis of rotation, and the summation of i, j runs over the proton and neutron quasiparticle states. The mass parameters B µν (β, γ) are given by [61] 
with
(8) The mass parameters B µν in Eq. (7) can be converted into the forms of B ββ , B βγ , B γγ by using the following relationships [53] ,
where the coefficients a 02 = a 00 / √ a 22 = a 00 /2, with a 00 = 9r The potential V coll in Eq. (1) is given by,
where E tot is the total energy from constrained meanfield calculations. The ∆V vib and ∆V rot are the zeropoint-energy of vibration and rotation respectively,
where the matrix M (n) is determined by Eq.(8) with indices µ, ν running over 0 and 2 and corresponding mass quadrupole operators defined asQ 20 ≡ 2z 2 − x 2 − y 2 and
where M (n),µν (β, γ) is also determined by Eq. (8), but with the intrinsic components of quadrupole operator defined as,Q
The details about the solution of constrained RMF+BCS and SHF+BCS equations have been given in Refs. [33] and [62] respectively.
III. RESULTS AND DISCUSSION
A. Collective parameters in Hamiltonian Figure 1 displays the moment of inertia along xdirection, mass parameters and squared proton radii in 5DCH for 96,98,100 Sr and 98,100,102 Zr isotopes as functions of axial deformation parameter β determined from the mean-field calculations with both SLy4 and PC-PK1 forces. We note that the collective parameters in 5DCH do not change much in 96,98,100 Sr and 98,100,102 Zr isotopes at all the β-γ deformation regions, except for the B ββ with β ≃ 0.4 and γ = 60
• as well as the B γγ with β ≃ 0.5 and γ = 0
• . Moreover, the parameters in 5DCH determined from both SLy4 and PC-PK1 mean-field calculations are quite similar. For the mean squared proton radii r 2 p , the SLy4 predicts slightly larger value than the PC-PK1 by ∼ 0.5% systematically. 
values from the 5DCH calculations with both forces are increasing (or decreasing) with the neutron number up to N = 62 in both Sr and Zr isotopes, which indicates the existence of transition from spherical to prolate deformed shapes. Compared with the experimental data, the evolution of B(E2 : 2 + 1 → 0 + 1 ) and R 4/2 with respect to the neutron number around N = 60 is much more dramatic (moderate) in the results of SLy4 (PC-PK1) calculations. Similar evolution behavior as that by the PC-PK1 force is also observed in the 5DCH calculations with the Gogny force D1S [52] . However, this dramatic decreasing in E x (2 + 1 ) from N = 58 to N = 60 in Sr and Zr isotopes, together with the sudden increasing of
96 Zr is not reproduced in both calculations.
C. Deformation energy surfaces and collective wave functions
To understand the evolution character of spectroscopic quantities around N = 60 shown in Fig. 2 , we plot the deformation energy surfaces of 96,98,100 Sr and 98,100,102 Zr isotopes in β-γ plane from the constrained mean-field calculations with both SLy4 and PC-PK1 forces in Figs. 3 and 4 respectively. In both calculations, there is always a weakly oblate deformed minimum coexisting with a prolate minimum in the deformation energy surfaces of 96,98,100 Sr and 98,100,102 Zr. Furthermore, the absolute minimum in both calculations is shifted from the oblate to the prolate side as the neutron number increases from N = 58 to N = 60. However, the subtle balance between these two minima is quite different in these two calculations, as shown in Fig. 5 The structural change in low-lying states is illustrated clearly in Fig. 6 , where the distribution of the squared collective wave functions ρ Iα in the β-γ plane for the 0 + 1 and 2 + 1 states from the 5DCH calculations with both the SLy4 and the PC-PK1 forces is plotted. The ρ Iα is defined as
which follows the normalization condition,
Here, Ψ 
D. Isotope shifts and monopole transition strengths
Nuclear charge radii or isotopic shifts are good indicators of shape changes along isotopic chains. In Refs. [32] and [33] , the evolution of charge radii with the neutron number in Sr and Zr isotopes around N = 60 has been studied with the self-consistent constrained mean-field calculations. The charge radii corresponding to different local minima in the deformation energy surface are compared with the data. It has been shown that a rapid change in nuclear shape is essential to reproduce the experimental charge radii. However, in these two studies, the beyond mean-field correlation effect on nuclear charge radii has not been examined. In Ref. [64] , the dynamic quadrupole correlation effect on charge radii of a large set of even-even nuclei has been studied in the framework of configuration mixing of projected axially deformed states based on a topological Gaussian overlap approximation. It has been shown that the dynamical correlation leads to an overall increase of radii, and it might also reduce the charge radii for some specific nuclei. Therefore, it is interesting to show the evolution of charge radii with the correlation effect from quadrupole fluctuation. [65, 66] are given as well. The "obl.", "pro.", "sph." are used to label the character of mean-field configurations.
forces. In addition, we present the 5DCH predicted isotope shifts, in which, the quadrupole fluctuation effect with triaxiality is included. It is shown clearly that the overall of isotope shifts could be reproduced much better by the 5DCH calculations with dynamic correlation effect. The shape evolution picture consistent with that exhibited in the B(E2 : 2
, R 4/2 as well as the distribution of squared wave functions is shown again in the isotope shifts, a sudden rising of which from N = 58 to N = 60 due to the transition from weakly oblate deformed to large prolate deformed shapes is slightly overestimated (or underestimated) in the 5DCH calculations with the SLy4 (or PC-PK1) force.
Electric monopole transition strengths are a modelindependent signature of the mixing of configurations with different mean-square charge radii [69] and therefore provide a good way to illustrate the occurrence of shape-coexistence. Figure 8 shows the evolution of electric monopole transition strength ρ 2 (E0 : 0
, given by the off-diagonal element of charge radius, ρ 2 (E0; 0
with R 0 = 1.2A 1/3 fm, with respect to the neutron number in neutron-rich Sr and Zr isotopes. The systematic of ρ 2 (E0 : 0
is similar in the calculations with the SLy4 and PC-PK1 forces. Both calcula- tions predict the same peak position, i.e., at 96 Sr and 100 Zr, which are the nuclei before and after the dramatic transition respectively. Quantitatively, however, as expected from the distribution of squared wave functions for 96,98,100 Sr in Fig. 6 E. Single-particle energy levels and spin-orbit splitting
The nuclear low-lying states reflect information about the underlying single-particle structure and vice versa. Therefore, to understand the evolution character of collectivity in Sr and Zr isotopes around N = 60 in the calculations with both the SLy4 and PC-PK1 forces, in Fig. 9 , we plot the neutron and proton single-particle energy levels in 96,98 Sr as functions of the axial deformation parameter β. In general, the minima in the deformation energy curve are associated with a shell effect due to the low level density around the Fermi energy. It is shown in Fig. 9 that, for the proton single-particle energy levels, both calculations predict a large shell gaps around the Fermi energy level in the prolate side, which is mainly formed by two levels split from the degenerate π1g 9/2 state due to the deformation (or Jahn-Teller) effect. The size of this energy gap does not change too much from 96 Sr to 98 Sr in both calculations. It means that the proton plays a minor role in the rapid nuclear shape transition from the mean-field point of view. For the neutron single-particle energy levels, both calculations predict two evident shell gaps around the Fermi energy level in oblate and prolate sides, however, the details of the single-particle structure are quite different.
Compared with the PC-PK1 force, the SLy4 force predicts a stronger spin-orbit splitting for neutrons (by a factor of ∼ 1.1) for all the states, as shown in Fig. 10 , where the splitting of neutron spin-orbit doublet states,
in the spherical states of 96 Sr and 98 Sr as a function of the orbital angular momentum ℓ is plotted. ǫ nlj< is the energy of single-particle state with quantum numbers (n, ℓ, j < ). Consequently, the position of ν1g 7/2 state is pushed up and the ν1h 11/2 state is pulled down compared with the PC-PK1 results as shown in Fig. 9 . As a result, the shell gaps around the Fermi energy at the spherical point and the minima of the deformation energy curves are quite different. For the spherical point (β = 0), a relatively large shell gap at N = 56, which provides a mechanism responsible for the observed much higher E x (2 + 1 ) in 96 Zr, is shown in the SLy4 calculation, but not in the PC-PK1 calculations. Moreover, compared with the PC-PK1 results for 96 Sr, the position of ν2d 5/2 state is almost the same, but the ν1h 11/2 state is much lower in the SLy4 results. As a result, the shell gap around the Fermi level in the prolate side, mainly formed by the K = 3/2 component of ν2d 5/2 orbit, the intruded K = 1/2 component of ν2f 7/2 orbit, and other two levels with K = 3/2, 5/2 split from ν1h 11/2 orbit, is much smaller than that in the PC-PK1 calculations. In 98 Sr, the energy of ν1h 11/2 state is shifted up, which broadens the shell gap significantly in the prolate side. This big change in the energy gap around Fermi energy is responsible for the sudden onset of large prolate deformation at N = 60 given by the SLy4 calculations. In the PC-PK1 calculations, however, this change in the shell gap of prolate side is more moderate. We note that, similar as the PC-PK1 results, the shift of ν1h 11/2 state in 96,98 Sr from the Gogny D1S calculations is small and the change in the shell gap of prolate side is not significant [70] . On the other hand, compared with the SLy4 force, the PC-PK1 predicts a larger shell gaps in the oblate side of 96,98 Sr, which provides the mechanism responsible for the strong mixing of prolate and oblate shapes in their ground states. 
IV. SUMMARY
In summary, the rapid structural change in low-lying collective excitation states of neutron-rich Sr and Zr isotopes has been studied by solving a 5DCH with parameters determined from both the RMF and SHF calculations. Pair correlations are treated in the BCS method with either a separable pairing force or a densitydependent zero-range force. The isotope shifts, excitation energies, electric monopole and quadrupole transition strengths have been calculated and compared with corresponding experimental data. The calculated results with both the PC-PK1 and the SLy4 forces exhibit a picture of spherical-oblate-prolate shape transition in neutron-rich Sr and Zr isotopes. However, compared with the experimental data, the PC-PK1 (or SLy4) force predicts a more moderate (or dramatic) change in most of the collective properties around N = 60 and a much stronger (or weaker) mixing between oblate and prolate configurations in their ground states. The difference between these two calculations is mainly because of the quite different structure in neutron single-particle states, mostly caused by the different spin-orbit interaction strengths. Moreover, the sudden broadening of neutron shell gap in the prolate side, mainly formed by the K = 3/2 component of ν2d 5/2 , the intruded K = 1/2 component of ν2f 7/2 , and other two components of ν1h 11/2 state, has been shown to be responsible for the rapid shape transition at N = 60. However, it has to be pointed out that the rapid change in the excitation energy of the first 2 + state has not been reproduced in the calculations with both the PC-PK1 and SLy4 forces. In particular, even though the SHF+BCS calculation with the SLy4 force indeed predicts a sizable spherical shell gap at N = 56, the corresponding 5DCH calculation is not able to reproduce the suddenly increased excitation energy for the first 2 + state at 96 Zr. A further beyond mean-field investigation is required.
